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Most of the analytical studies on spin glasses are performed by using mean-field theory and renormalization group
analysis. Analytical studies on finite-dimensional spin glasses are very challenging. In this short note, a possible exten-
sion of the approaches on the phase transition in spin glasses is demonstrated. To validate our extension, we compared
our estimates on the critical points with the existing numerical results.
The estimation of the location of the critical points in finite-
dimensional spin glasses is essential information for the de-
termination of the critical behavior in the phase transition
and to estimate the critical exponents. Over many years of
analyses of the finite-dimensional spin glasses, several con-
troversial discussions on critical exponents have appeared re-
peatedly.1) A very rare establishment on the estimation of the
location of the critical points is by the duality analysis.2–4)
To include the disorder effect of the spin glasses, the replica
method and partial trace of spin variables give higher preci-
sion of the straightforward application of the duality analy-
sis.5–8) The method can be extended to the case with loss of
the interactions (bond dilution)9–11) and that beyond the Ising
model with self-duality in the corresponding model without
disorder.7, 12, 13) The absence of the spin glass transition on the
self-dual lattices, including the standard square lattice, can be
shown by the duality analysis.14) These methods deal with
the case of the finite-temperature region, especially on the
Nishimori line15) and the related region by using the special
gauge symmetry.16) In addition, the phase boundary close to
the Onsager point can be also obtained by the duality analy-
sis.7, 17) Although a challenging analysis18) was performed on
the ground state, it ended up failure.
One of the successful approaches different from the du-
ality analysis for estimating the critical points in the finite-
dimensional spin glasses is the frustration analysis proposed
by Miyazaki.19) This method is applicable to the estimation of
the critical point in the ground state and demonstrates a good
comparison with the existing numerical results. As pointed
out by Nishimori,20) the geometry of the frustration should be
a key point in understanding the nature of the phase transition
in the ground state. Miyazaki conjectured that the increase in
frustration by induced disorder interactions has some infor-
mation on the phase transition of the finite-dimensional spin
glasses in the ground state.
In the present note, we report an extension of the estimation
of the critical points in the ground state to the case with bond
dilution. To check our extension, we compared the estimation
with the existing results.21)
We deal with the following standard model of the finite-
dimensional spin glass, the so-called Edwards-Anderson
model:22)
H = −
∑
〈i j〉
Ji jS iS j, (1)
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where S i = ±1 and 〈i j〉 denotes the nearest neighboring pairs
on the lattice. The strength of the interaction Ji j follows the
distribution function
P(Ji j) = (1 − q)
(
(1 − p)δ(Ji j − J) + pδ(Ji j) + J)
)
+ qδ(Ji j).
(2)
Here, p is the concentration of the antiferromagnetic interac-
tions and q denotes the ratio of the bonds. We consider the
case with bond dilution. In the limit p → 0, our model is re-
duced to the bond-diluted Ising model and exhibits the phase
transition at the percolation threshold qc = 1/2 in the ground
state. In the limit q → 0, our model becomes the ±J Ising
model and shows the phase transition at the nontrivial point
pc = 0.8967 in the ground state. The nature of the phase tran-
sition in the low-temperature region stems from the geometry
of the frustration defined as fP = sign
∏
(i j)∈P Ji j for each pla-
quette P. The estimation of the critical points in the ground
state proposed by Miyazaki computes a special quantity con-
sisting of the expectation of the antiferromagnetic interactions
on the lattice Na(p) and that of the frustration on the lattice
N f (p) defined as
v(p) =
(
dNa(p)
dp
)−1 dN f (p)
dp
(3)
In the case of the square lattice, v(p) = 2(1 − 2p)3. The quan-
tity v(p) increases following the induction of the antiferro-
magnetic interactions. Miyazaki conjectured that v(pc) = 1 at
the critical point in the ground state. The resulting estimation
pc = 0.8969 is very close to the existing result pc = 0.8967(1)
given by the numerical calculations.19)
We extend the Miyazaki conjecture to the case with bond
dilution. The direct manipulation of the replacement of the
concentration of the antiferromagnetic interaction as p →
(1−q)p does not work well. In addition, if we take the change
of the lattice into account, the computation of the number of
antiferromagnetic interactions and frustrations can be highly
nontrivial. Thus, we consider some approximate treatment
of bond dilution. The bond dilution cannot affect the rate
of decrease of the number of the antiferromagnetic interac-
tions. Thus dNa(p)/dp does not change. However, the num-
ber of frustrations can decrease due to the damage to the lat-
tice caused by bond dilution. We assume that the effect sim-
ply comes with the first order of 1 − q as dN f (p)/dp →
(1 − q)dN f (p)/dp. Here we do not estimate a coefficient ap-
pearing in this change. Instead, we check that our extension
can recover the bond-percolation thresholds in the limit of
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p → 0. A simple extension of the conjecture is thus raised
for satisfying this demand as
v(p) = (1 − q)
(
dNa(p)
dp
)−1 dN f (p)
dp
(4)
The computation to obtain the quantities on the right-hand
side is performedwithout bond dilution. In this equality, when
p → 0, the bond-percolation threshold can be reproduced by
setting v(pc) = 1. In addition, as in Fig. 1, several estimated
values of the critical points in the ground state for various
values of q are shown. We can confirm the reasonable co-
q
p
Fig. 1. (Color Online) Estimations (lines) and numerical results (circles)21)
of the critical points in the ground state of the ±J Ising model with bond dilu-
tion on the square (blue and center), triangular (red and upper), and hexagonal
lattices (green and lower).
incidence between our estimations and the existing numeri-
cal results given by the Minimum-Weight Perfect Matching
(MWPM) algorithm, which can compute the criticial points
in the ground state of the ±J Ising model.21) The extension
is based on the consistency with the bond-percolation thresh-
old on the square lattice, and thus fails to estimate the criti-
cal points on the triangular and hexagonal lattices. Multipli-
cation of an adequate coefficient c as dN f (p)/dp → c(1 −
q)dN f (p)/dp might lead to better expansion to the cases on
the triangular and hexagonal lattices. However we do not find
any reasonable coefficient, which is consistent with the bond-
percolation threshold in p → 0 on these lattices, which should
be clarified in future work.
We also test our extension in the cases of the self-dual hi-
erarchical lattices, on which the bond-percolation threshold
on them has the same value as that on the square lattice. We
compute the exact values of the critical point on several self-
dual hierarchical lattices by performing the real-space renor-
malization group analysis.23) As shown in Fig. 2, the internal
spins (black circles) are decimated to obtain a single bond
with renormalized interaction. The estimations of the critical
points in the ground state by our extension slightly deviate
from the numerical calculations as shown in Fig. 2. Notice
that the original estimation of the critical points in the ground
state without bond dilution deviates the most from the numer-
ical calculations.19) Although our equality became better as
the degree of dilution q increases, we do not assert the valid-
ity of our extension. A severe problem in the application of
q
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Fig. 2. (Color Online) Estimations (lines) and numerical results (circles) of
the critical points in the ground state of the ±J Ising model with bond dilution
on several self-dual hierarchical lattices.
the original theory based on the frustration might remain.
Summarizing these challenges, although we find the rea-
sonable estimations of the critical points in the ground state of
the ±J Ising model with bond dilution on the square lattice,
our extension might show somehow accidental coincidence.
We however hope that our extension can provide clues for ob-
taining a reasonable theory to estimate the critical points even
in the ground state of the finite-dimensional spin glasses.
Acknowledgement
The present work was carried out with financial support
from the JST-CREST(No.JPMJCR1402), and JSPS KAK-
ENHI No. 15H03699 and Inamori Foundation.
1) K. Binder and A. P. Young: Rev. Mod. Phys. 58 (1986) 801.
2) H. Nishimori and K. Nemoto: Journal of the Physical Society of Japan
71 (2002) 1198.
3) J.-M. Maillard, K. Nemoto, and H. Nishimori: Journal of Physics A:
Mathematical and General 36 (2003) 9799.
4) H. Nishimori and M. Ohzeki: Journal of the Physical Society of Japan
75 (2006) 034004.
5) M. Ohzeki, H. Nishimori, and A. N. Berker: Phys. Rev. E 77 (2008)
061116.
6) M. Ohzeki: Phys. Rev. E 79 (2009) 021129.
7) M. Ohzeki and J. L. Jacobsen: Journal of Physics A: Mathematical and
Theoretical 48 (2015) 095001.
8) H. Nishimori and M. Ohzeki: Physica A: Statistical Mechanics and its
Applications 389 (2010) 2907 .
9) M. Ohzeki and K. Fujii: Phys. Rev. E 86 (2012) 051121.
10) M. Ohzeki: Phys. Rev. A 85 (2012) 060301.
11) M. Ohzeki: Phys. Rev. E 87 (2013) 012137.
12) M. Ohzeki: Phys. Rev. E 80 (2009) 011141.
13) H. Bombin, R. S. Andrist, M. Ohzeki, H. G. Katzgraber, and M. A.
Martin-Delgado: Phys. Rev. X 2 (2012) 021004.
14) M. Ohzeki and H. Nishimori: Journal of Physics A: Mathematical and
Theoretical 42 (2009) 332001.
15) H. Nishimori: Progress of Theoretical Physics 66 (1981) 1169.
16) Georges, A., Hansel, D., Le Doussal, P., and Maillard, J.M.: J. Phys.
France 48 (1987) 1.
17) M. Ohzeki, C. K. Thomas, H. G. Katzgraber, H. Bombin, and M. A.
Martin-Delgado: Journal of Statistical Mechanics: Theory and Experi-
ment 2011 (2011) P02004.
18) M. Ohzeki: Interdisciplinary Information Sciences 19 (2013) 65.
19) R. Miyazaki: Journal of the Physical Society of Japan 82 (2013)
094001.
20) H. Nishimori: Journal of the Physical Society of Japan 55 (1986) 3305.
21) T. M. Stace and S. D. Barrett: Phys. Rev. A 81 (2010) 022317.
22) S. F. Edwards and P. W. Anderson: Journal of Physics F: Metal Physics
5 (1975) 965.
23) F. D. Nobre: Phys. Rev. E 64 (2001) 046108.
2
